Abstract. In this paper, first, we generalize a result of Peskine-Szpiro on the relation between the cohomological dimension and projective dimension.
INTRODUCTION
Throughout this paper, all rings are commutative and Noetherian with identity. After Grothendieck's talk [9] in the early 1960s up to now, local cohomology has become an essential tool in algebraic geometry and commutative algebra. For an ideal I of a ring R, the local cohomology modules H In this direction, in Section 3, (cf. Theorem 3.3) we generalize the mentioned result using an action of a ring morphism on local cohomology (without any restriction on the characteristic of the ring), introduced by Singh and Walther [28] .
The ring endomorphism ϕ : R → R induces a natural ϕ action on the local cohomology modules ϕ * : H i I (R) → H i ϕ(I)R (R) via ϕ(r)ϕ * (η) = ϕ * (rη), where r ∈ R, η ∈ H i I (R) which is an endomorphism of the underlying Abelian group (details, including notation, are given in Section 2). This action as a generalization of Frobenius action, is an effective tool in the study of local cohomology modules as it was used recently byÀlvarez Montaner in [1] and the author with his colleagues in [4] , and with Boix in [3] . . . , g s that generate I up to radical. I is called a set-theoretically complete intersection ideal whenever ht(I) = cd(R, I) = ara(I). Note that the ideals satisfying the equality ht(I) = cd(R, I) in a Gorenstein ring are called cohomologically complete intersection ideals, introduced and examined by Hellus and Schenzel in [12] . See also [5] for more information. Notice that a set-theoretically complete intersection ideal is a cohomologically complete intersection one but the converse is no longer true.
As for strengthening of the aforementioned results, one may ask the following question. An affirmative answer has been given in [18, Theorem1 (iii) ], [22, Corollary 6.7] and [28, Corollary 4.2] whenever R is a polynomial ring over a field k and I is a squarefree monomial ideal of R. To generalize the mentioned result and as a positive answer to the Question 1.1, in Section 4, we give the following. Let X be a Cohen-Macaulay scheme. It fails to be true that X red the corresponding reduced scheme is Cohen-Macaulay. The further step is asking whether for a given scheme X there is a Cohen-Macaulay ring R such that X is isomorphic to Spec R red . This kind of a scheme called a set-theoretically Cohen-Macaulay one.
In general, in a regular local ring R an ideal I is set-theoretically Cohen-Macaulay if there exists an ideal J ⊂ R with rad(I) = rad(J) such that the ring R/J is CohenMacaulay. It is evident that set-theoretically complete intersection ideals, determinantal ideals and Cohen-Macaulay radical ideals are set-theoretically CohenMacaulay. If I is a Cohen-Macaulay monomial ideal of a polynomial ring R = k[x 1 , . . . , x n ] over a field k, then I is set-theoretically Cohen-Macaulay (cf. [14, Theorem 2.6]). For instance, principal and Veronese monomial ideals have such a property, [13, Theorem 3.2] . See [29] for some counterexamples.
It is a natural question to ask on the relation between Cohen-Macaulay and set-theoretically Cohen-Macaulay ideals.
Our first result in this direction is Proposition 5.2, which is a consequence of Another way to study set-theoretically Cohen-Macaulayness of a scheme is the linkage concept. Roughly speaking, the linkage is the study of two subschemes where their union has nice properties. Exploiting this concept one may consider a subscheme linked with the second one which understood well.
We cite the following paragraph from a fruitful paper of A. Martsinkovsky and J. R. Strooker [20] on the significance of the concept of linkage theory. 
NOTATIONS AND REMARKS
We start this section with the idea used by Singh and Walther in [28] .
Let A be a commutative Noetherian ring with a flat endomorphism ϕ : A → A, and let a be an ideal of A. We denote by ϕ * A the following (A, A)-bimodule: for any r, r 1 , r 2 ∈ A,
Let Φ be the functor on the category of A-modules with Φ(M ) = ϕ * A ⊗ A M .
The iteration Φ t is the functor
where Φ 0 is interpreted as the identity functor; the reader will easily note that the flatness of ϕ is equivalent to the exactness of Φ. At once, one can realize that
Assume, in addition, that the ideals {ϕ t (a)R} t≥0 form a descending chain cofinal with the chain {a t } t≥0 , where a is an ideal of A. Under these assumptions, one can easily check (see [28, page 291]) that
Now, let us fix our notations. Throughout this section, let R be a commutative
Noetherian local ring and ϕ : R −→ R be a local ring endomorphism. Suppose that I is an ideal of R and {ϕ t (I)R} t≥0 is a decreasing chain of ideals cofinal with
Keep these assumptions, we introduce the following notations. 
there is a prime P
Notation 2.4. Let ϕ : R −→ R be a ring endomorphism satisfying the going down property. Suppose that I is an ideal of R with finite projective dimension. We say that the triple (R, I, ϕ) has (GD) property. 
is injective for all i ≥ 0 and all t ≥ 0. We say (R, I, ϕ) has (Inj) property. If I ⊂ R is an ideal generated by square-free monomials, then there exists a pure endomorphismφ :
Discussion 2.9. Let R be a normal ring and I an ideal of R with a ring endomorphism ϕ : R −→ R with ϕ(I) ⊆ I. Then R is integral over itself and ϕ : R −→ R satisfies going down property. It implies that rad(ϕ(I)R) ⊆ rad(I) (for instance let R be either R = k[x 1 , . . . , x n ] a polynomial ring over a field k or a regular local ring of characteristic p > 0 and I be an ideal of R, where
and ϕ : R −→ R, r → r p and so one has ϕ(I) ⊆ I ). On the other hand, as ϕ(rad(I))R ⊆ rad(ϕ(I)R) then,
Thus, rad(I) = rad(ϕ(I)R). It then follows that {I t } t≥0 and {ϕ t (I)R} t≥0 are cofinal. Hence, the triple (R, I, ϕ) satisfies (GD) property.
ON A RESULT OF PESKINE-SZPIRO
We start by recalling properties of some homological invariants. Then discuss and examine their relationships using ring endomorphism. Let (R, m) be a local ring and I be an ideal of R of finite projective dimension (pd R/I < ∞). The Then, the following statements are true.
(1) depth R R/I = depth R R/ϕ t (I)R, for all t ≥ 0.
(2) R/I is Cohen-Macaulay if and only if R/ϕ t (I)R, is Cohen-Macaulay for
all t ≥ 0.
Proof.
(1) Using lemma 3.1 one may write
On the other hand, suppose that depth R R/I = u. As (R, I, ϕ) has (Inj) property, using the Grothendieck's local duality one has epimorphisms
of non zero modules, for all t. It implies that depth R R/ϕ t (I)R = u for all t.
(2) Note that dim R R/I = dim R R/ϕ t (I)R, for all t, as rad(I) = rad(ϕ(I)R). Now, the claim follows from part (a). Then one has cd(R, I) ≤ pd R/I.
If in addition, the triple (R, I, ϕ) satisfies (Inj) property, then the equality holds.
Proof. Suppose that pd R/I = u for some integer u. By the Auslander-Buchsbaum formula depth R/I = dim R − u. As every composition of maps satisfying goingdown property satisfies that property itself, exploiting Lemma 3.1 one has
Taking inverse limit and then using local duality we conclude that
To this end note that inverse limit commutes with direct limit in the first place of Hom R (−, −).
In order to prove the equality cd(R, I) = pd R/I, it is enough to prove cd(R, I) ≥ pd R/I. It follows from the assumptions and Corollary 3.2 that the homomorphisms
induced from natural homomorphism R/ϕ t+1 (I)R → R/ϕ t (I)R, are surjective of nonzero modules for all t. Then lim
To this end note that as {ϕ t (I)R} t≥0 and {I t R} t≥0 are cofinal, one has lim
By virtue of the Grothendieck's Local Duality, from lim
we deduce that H u I (R) = 0. Thus, u ≤ cd(R, I) that is cd(R, I) ≥ pd R/I, as desired.
Next, as a by-product of Theorem 3.3 we can recover a result of Lyubeznik [18] . Conjecture: Let C be a curve in P 3 k over a field k of characteristic 0. If C is a set-theoretic complete intersection, the curve C is arithmatically Cohen-Macaulay.
I.e. the homogeneous coordinate ring k[x 1 , . . . , x n ]/I(C) is Cohen-Macaulay.
It is known that this conjecture is not true, see for instance [30] . To do so further and motivated by the preceding conjecture we consider the equivalent property between the Cohen-Macaulayness of R/I and the equality ht(I) = cd(R, I). 
It means that for all i = ht(I), lim
(R/I t ) = 0. Now, it is enough to prove that lim ← −t H r m (R/I t ) = 0. This follows from the fact that the homomorphisms
are surjective of nonzero R-modules for all t.
VANISHING RESULTS
As mentioned in the Introduction, Question1.1 is not true in general. However under some additional properties, at least one of directions would be true. 
As R/I is a four-dimensional Cohen-Macaulay ring so H 
Then for a given integer i,
Proof. By passing to the completion, we may assume that R is a Gorenstein complete local ring. Suppose that for a fixed integer i one has H dim R−i m (R/I) = 0. As (R, I, ϕ) has (Inj) property, local duality implies that the homomorphism 
SET-THEORETICALLY COHEN-MACAULAY IDEALS
It is known that the radical of a Cohen-Macaulay ideal need not to be CohenMacaulay in general. A well-known evidence is an example due to Hartshorne [11] shows that whenever k is a field of positive characteristic, the ideal Proof. First note that as (R, m) is a regular local ring with a flat local ring endomorphism ϕ : R → R, the dimension formula dim R + dim R/ϕ(m)R = dim R implies that ϕ(m)R is m-primary. Then, since R is a Noetherian ring and rad(I) = rad(J), According to the Discussion 3.5 in Section 3, we observe that Cohen-Macaulayness of R/I is not equivalent to the ideal I being set-theoretically complete intersection. On the other hand, set-theoretically complete intersection ideals are settheoretically Cohen-Macaulay but the converse is no longer true. See for instance [29] . We show that instead of set-theoretically complete intersection ideals one may regard cohomologically complete intersection ideals.
Next result (Theorem 5.5) shows that in a regular local ring R, whenever ϕ :
R → R is flat and pure, a set-theoretically Cohen-Macaulay ideal is the same as cohomologically complete intersection one. Notice that a set-theoretically complete intersection ideal is a cohomologically complete intersection one but the converse is no longer true.
Lemma 5.4. Let (R, m) be a local ring and I , J two ideals of R with a ring endomorphism ϕ : R → R such that rad(I) = rad(J). Then rad(ϕ(I)R) = rad(ϕ(J)R).
Proof. In order to prove rad(ϕ(I)R) = rad(ϕ(J)R) suppose that x is an arbitrary element in rad(ϕ(I)R). Then there exist an integer n and an element a ∈ I such that x n = ϕ(a). As rad(I) = rad(J), there is an integer t such that a t ∈ J.
Therefore,
For the reverse inclusion, from x ∈ rad(ϕ(J)R) we observe that x n = ϕ(a) for some a ∈ J and n ∈ Z. Once again from the equality rad(I) = rad(J) one has a t ∈ I for some integer t. By applying ϕ(−) to it we have x nt = ϕ(a t ) ∈ ϕ(I)R. It completes the proof. Proof. To prove, it is enough to note that by the flatness of ϕ, one has ϕ(I ∩ J)R = ϕ(I)R ∩ ϕ(J)R. Proof. As cohomological dimension is stable under taking radical of ideals, Lemma 5.6 and Theorem 3.3 imply that cd(R, I ∩ J) = cd(R, rad(I) ∩ rad(J)) ≤ dim R − depth R/ rad(I) ∩ rad(J).
It is not difficult to verify that depth(R/ rad(I) ∩ rad(J)) ≥ depth(R/ rad(I) + rad(J)) + 1. On the other hand, by the assumption, Tor R 1 (R/ rad(I), R/ rad(J)) = 0. By rigidity (see [17] ) Tor 
LINKAGE
In the present section, we consider the concept of linkage. Roughly speaking, the linkage is the study of two subschemes where their union has nice properties.
Exploiting this concept one may consider a subscheme linked with the second one which understood well. To be more precise and from local algebra point of view we recall the definition of two linked ideals. A ring R satisfies Serre's condition (S r ) if for all p ∈ Spec R,
For an n-dimensional ring, being Cohen-Macaulay is equivalent to satisfying (S n ). 
We will use the following facts on cohomological relations of linked ideas, later on. Proof. Theorem 6.8 ensures that J is a Cohen-Macaulay ideal. Then, the equality ht(J) = cd(R, J) holds by Theorem 3.6. Now, exploiting Theorem 5.5 one observe that J is a set-theoretically Cohen-Macaulay ideal.
and the canonical isomorphisms
Notice that one can not remove the purity assumption from the above result, as the following example demonstrates it.
Remark 6.10. Let R, I and J be as in Remark 6.7. Since depth R/I = 1 and dim R/I = 2, then I is a non-Cohen-Macaulay radical ideal. As I is a square-free ideal, R/I is F -pure but this is not the case for R/J, because it is not reduced. On the other hand by virtue of Hartshorne [11] the ideal J is set-theoretically Complete intersection and then it is set-theoretically Cohen-Macaulay.
